Abstract. This article deals with a fluid-particle interaction model for the evolution of particles dispersed in a viscous compressible fluid within the physical space Ω ⊂ R 3 . The system is expressed by the continuity equation, the balance of momentum and the so-called Smoluchowski equation for the evolution of particles. The coupling between the dispersed and dense phases is obtained through the drag forces that the fluid and the particles exert mutually by the action-reaction principle. Using the relative entropy method of Dafermos and DiPerna, the global-in-time existence of suitable weak solutions is presented under reasonable physical assumptions on the initial data, the physical domain, and the external potential. In addition, the low Mach number and low stratification limits of the system are established rigorously for both bounded and unbounded domains.
1. Introduction. Fluid-particle interactions arise in many practical applications in science and engineering [1, 2, 5, 6, 7, 31, 33, 34, 35] . The state of such flows is characterized by the macroscopic variables: the total mass density (t, x), the velocity field u(t, x), and the density of particles dispersed in the mixture η(t, x), which depend on the
(1.5)
Motivated by the stability arguments in [8] , the numerical investigation presented in [9] , the existence and asymptotic results presented in [10] as well as a number of studies on numerical experiments and scale analysis on the proposed model (see [4] ), we investigate the issues of regularity and singular limits for fluid-particle interaction flows providing a rigorous mathematical theory based on the principle of balance laws. The total energy of the mixture is given by The results and ingredients of our approach can be formulated as follows:
E(η, , u)(t)
• First a variational framework of the underlying physical principles is presented followed by a description of results on the global existence of free energy solutions and their long time asymptotics. For the details we refer the reader to the manuscript by Carrillo, Karper and Trivisa [10] .
• An inherent definition of suitable weak solutions to the Navier-Stokes Smoluchowski system (1.1)-(1.3) is introduced satisfying a relative entropy inequality with respect to any hypothetical strong solution to the problem. Our analysis is motivated by the pioneering work of Dafermos [11] and DiPerna [13] , the results of Germain [19] , the analysis of Mellet and Vasseur [27] as well as the approach of Feireisl et al. [18] . This analysis shows that the relative entropy method is essential in establishing conditional regularity of the solutions to models of compressible fluids. For the details we refer the reader to the manuscript by Ballew and Trivisa [3] .
• Next, results on the low Mach number and low stratification limits are established. Our strategy can be summarized as follows. First, using the free energy inequality, uniform bounds in ε are obtained. Using these bounds convergence results on some relevant quantities are established. In order to establish rigorously the limits of the sequence of solution { ε , u ε , η ε } ε>0 we need to show that the divergence of the term u ⊗ u − u ⊗ u converges weakly to a gradient. This can be established by employing the standard Helmholtz decomposition in order to decompose this quantity into a divergence-free and a gradient part.
• Physically grounded hypotheses are imposed on the domain Ω and the external potential Φ (confinement hypotheses (HC)). The analysis in the present article treats both the case of a bounded physical domain Ω as well as the case of an unbounded domain. The confinement hypothesis (HC) on (Ω, Φ) plays a crucial role in providing control of the negative contribution of the physical entropy η log η in the free-energy bounds for unbounded domains. We remark that system (1.1)-(1.3) was derived by formal asymptotics from a mesoscopic description [8] . This is based on a kinetic equation for the particle distribution of FokkerPlanck type coupled to fluid equations. In this scaling limit, particles are supposed to have a negligible density with respect to the fluid, and thus, due to buoyancy effects, they typically move upwards in a system under gravity. For that reason, this scaling regime is known as the bubbling regime.
The coupling between the kinetic and the fluid equations is obtained through the friction forces that the fluid and the particles exert mutually. The friction force is assumed to follow the Stokes law and thus is proportional to the relative velocity vector, namely
This forcing term affects the momentum equation in the Navier-Stokes system which is now enhanced by an additional forcing term taking into account the action of the cloud of particles on the fluid. The cloud of particles is described by its distribution function f ε (t, x, ξ) on phase space, which is the solution to the dimensionless Vlasov-Fokker-Planck equation
Here, ε > 0 is a dimensionless parameter and we have a drag force independent of the fluid density ε , but proportional to the relative velocity of the fluid and the particles.
The paper is organized as follows. In Section 2 we collect all the necessary hypotheses imposed on the external potential (confinement hypotheses (HC)) and we discuss their consequence. In Section 3 we present the notion of free energy solutions and results on the global existence and asymptotic analysis of these solutions. In Section 4 the notion of suitable weak solutions is introduced, which is based on a relative entropy inequality. In Section 5 the scaled Navier-Stokes-Smoluchowski system is derived and a formal derivation of the low stratification limit is presented. In Section 6 the main results are stated for both bounded and unbounded domains Ω ∈ R 3 . In Section 7 the rigorous derivation of the low Mach number and low stratification limits for the scaled Navier-Stokes-Smoluchowski system are established. In the heart of the analysis lies the introduction of a relative entropy-type functional and the use of the standard Helmholtz decomposition.
The confinement hypothesis.
In this work, we analyze the existence of suitable weak solutions to the two-phase flow problem (1.1)-(1.3), as well as the rigorous low Mach number and low stratification limit of this system in two different geometrical constraints of interest in the applications: for bounded domains and for unbounded domains under confinement conditions due to the external potential. We will collect all assumptions concerning the geometry Ω and the external potential Φ under the generic name of confinement conditions. Let us remark that the external potential Φ is always defined up to a constant. Therefore, for bounded from below external potentials Φ, we can always assume without loss of generality, by adding a suitable constant, that 
and
for some large R > 0. Remark 2.1. The confinement assumption (HC) has physical relevance in our setting as it is verified for several domains Ω with Φ being the gravitational potential. For instance, Here, F and P are the typical mass density of fluid and particles, respectively. Note that (1) corresponds to the standard bubbling case (see [8] ) in which particles move upwards due to buoyancy.
2.1. Consequences of confinement: Ω unbounded. One of the key issues in this context is providing a control for the negative contribution of the physical entropy η log η in the free-energy bounds for unbounded domains Ω. Here, the confinement conditions (HC) on (Ω, Φ) are crucial. Most of these lemmas can be seen in [10] , [14] but we include them here for the sake of completeness. We first start with a classical lemma in kinetic theory. 
from which the desired claim follows. We can immediately use this previous lemma to conclude the following consequence.
Corollary 2.1. Assume that (Ω, Φ) satisfy the hypotheses (HC). For any density
and there exists D > 0 depending on C and Φ such that
Finally, the above estimates can be used to control the mass of the densities η outside a large ball to avoid loss of mass at infinity.
then, for any > 0 there exists R > 0 depending on C and Φ only such that
Proof. A direct use of Jensen's inequality shows the first inequality by using the convexity of x → x log x. To show the second claim we start by applying the first inequality to the domain Ω
for some D > 0, where Lemma 2.1 and Corollary 2.1 were used. Now, we argue by contradiction; if the second claim were not true, we would have
, we can always assume that R 0 is large such that
and thus due to (2.11),
This leads to a contradiction since the right-hand side can be made arbitrarily small by taking R 0 large enough.
Free-energy solutions: Global-in-time existence.
We start with the notion of a free-energy solution to the two-phase flow system (1.1)-(1.3) that we will be dealing with.
Definition 3.1. Let us assume that (Ω, Φ) satisfy the confinement hypotheses (HC). We say that { , u, η} is a free-energy solution of problem (1.1)-(1.3) supplemented with boundary data for which (1.4) holds and initial data { 0 , m 0 , η 0 } satisfying (1.5) provided that the following hold:
• ≥ 0 represents a renormalized solution of equation ( 
the following integral identity holds:
• The balance of momentum holds in the distributional sense, namely
) and any T > 0 satisfying ϕ| ∂Ω = 0. All quantities appearing in (3.13) are supposed to be at least integrable. In particular, the velocity field u belongs to the space L 2 (0, T ; W 1,2 (Ω; R 3 )); therefore it is legitimate to require u to satisfy the boundary conditions (1.4) in the sense of traces.
• η ≥ 0 is a weak solution of (1.3). That is, the integral identity
is satisfied for test functions ϕ ∈ D([0, T ) ×Ω) and any T > 0. All quantities appearing in (3.14) must be at least integrable on (0,
• Given the total free-energy of the system by
then E( , u, η)(t) is finite and bounded by the initial energy of the system, i.e., E( , u, η)(t) ≤ E( 0 , u 0 , η 0 ) a.e. t > 0. Moreover, the following free energydissipation inequality holds:
The global existence and asymptotic analysis of the solutions are presented below.
Theorem 3.1 (Global existence). Let us assume that (Ω, Φ) satisfy the confinement hypotheses (HC). Then, the problem (1.1)-(1.3) supplemented with boundary conditions (1.4) and initial data satisfying (1.5) admits a weak solution { , u, η} on (0, ∞) × Ω in the sense of Definition 3.1. In addition, i) the total fluid mass and particle mass given by
respectively, are constants of motion; ii) the density satisfies the higher integrability result
where Θ = min{
For the proof we refer the reader to the article [10] .
We can now completely characterize the large-time behavior of free-energy solutions to (1.1)-(1.6). 
as t → ∞, where (η s , s ) are characterized as the unique free-energy solution of the stationary state problem:
given by the formulas
where C η and C are uniquely given by the initial masses due to (3.16).
Proof. For the proof we refer the reader to the article [10] .
Suitable weak solutions: Global-in-time existence.
In the spirit of Dafermos [11] , given an entropy E(U ) we can define the relative entropy by 17) where D stands for the total differentiation operator with respect to , m, and η. In the present context,
Thus, from the definition, the relative entropy is
After some basic calculations, the relative entropy is calculated to be
where
Note that the relative entropy does not contain any information regarding the external potential Φ. This is expected, as the relative entropy reflects information about quadratic terms, but not linear terms. 
it is shown in [3] that for smooth { , u, η}, the following relative entropy inequality holds:
The definition of suitable weak solutions follows: Definition 4.1. { , u, η} is a suitable weak solution of (1.1)-(1.4) with initial data { 0 , u 0 , η 0 } if and only if
• { , u, η} is a weak solution in the sense of Definition 3.1.
• { , u, η} obeys inequality (4.21) for any smooth functions {r, U, s}. Next we present the theorem establishing the global existence of suitable weak solutions.
Theorem 4.1 (Suitable weak solutions). Let us assume that (Ω, Φ) satisfy the confinement hypotheses (HC) with Ω ⊂ R 3 a domain of class
in addition to the conditions on the initial data specified in Section 1. Then the NavierStokes-Smoluchowski system in (1.1)-(1.7) has a suitable weak solution in the sense of Definition 4.1.
Proof. For the proof and further implications of Theorem 4.1 we refer the reader to the article by Ballew and Trivisa [3] . It is worth mentioning that the proof relies on the construction of a suitable approximating scheme, which relies on an approximate relative entropy inequality, the addition of the artificial pressure in the momentum equation as well as other regularizations in the spirit of [15] . The fundamental issue in that context is the establishment of the appropriate compactness of the sequence of approximate solutions { ε , u ε , η ε }. The main issues can be summarized as follows:
• The strong convergence of the density is established by showing the weak continuity of the effective viscous pressure.
• High integrability properties for the density need to be established for the limit passage in the family of approximate solutions and in particular in taking the vanishing artificial pressure limit. We remark that in the present context, the potential Φ is not integrable on unbounded domains. To deal with this new difficulty we employ the Fourier multipliers in the spirit of [15] , while taking into consideration the new features of our problem.
• The confinement hypothesis (HC) is crucial in providing a control for the negative contribution of the physical entropy η log η in the free-energy bounds for unbounded domains Ω. Considering an unbounded domain Ω and an external potential Φ satisfying the assumptions (HC), we can always find an increasing sequence of domains Ω r , with r > 0 such that Ω r are bounded and (Ω r , Φ) satisfies (HC) approximating Ω in the sense that r>0 Ω r = Ω. Having obtained the result for a bounded Ω r , for any r > 0 and using the results in section 2.1 we can show that we can send r → ∞ to obtaining the earlier results in Ω. We refer the reader to [3] . 1)-(1.3) , the values D and ζ must be added to ensure consistency of the physical units in the equations. Specifically, the pressure term in the momentum equation becomes
the Smoluchowski equation becomes
and the energy inequality becomes 
After some application of the chain rule and some straightforward algebra, the formal dimensionless Navier-Stokes-Smoluchowski system becomes (omitting the primes for the sake of notational simplicity)
The total energy inequality for the scaled system takes the form
Here, the nondimensional parameters used in (5.23)-(5.26) are defined as follows: [16] ). Since existence of solutions to the scaled system follows from [3] and [10] for any choices of positive values of the dimensionless parameters, various singular limits can be explored. The current paper considers a low-Mach-number limit, with Ma taken to be a small parameter ε, Za scaled as Ma, and Fr = √ ε. 5.2. Formal derivation of the low stratification limit. The low stratification case is represented by Ma = Za = ε and Fr = √ ε. As such, the formal system is as follows:
The free energy solutions to the scaled Navier-Stokes Smoluchowski system ( ε , u ε .η ε ) satisfy the boundary conditions:
The formal technique is to expand ε , u ε , and η ε as
plug these expansions into (5.27)-(5.30), and equate terms of equal orders of ε. In doing so, it becomes clear that since the right side of (5.30) is bounded uniformly in ε, as it is just the initial energy, it must be true that
Thus, η is constant on Ω for each time t and η = 1 |Ω| Ω η 0 dx in the formal limit. Moving to the momentum equation (5.28) and equating terms of order one, the formal equation becomes
Since η is constant, it follows formally that
Using this fact in the continuity equation (5.27 ) and equating terms of order one yields the incompressibility condition for the limit velocity div x u = 0.
Returning to (15) and equating terms of order ε 2 , it is easy to show formally that
where r, θ are related to the limit quantities by
which is found by equating terms of order ε in (5.28) and relabeling (1) and η (1) . Thus, the formal low stratification and low Mach number limit for the Navier-StokesSmoluchowski system become
where r, θ satisfy
and Π is a function incorporating the terms for which a gradient is taken. 5.3. Rigorous derivation of the low stratification limit. In this section, the formal limit derived in Subsection 5.2 is rigorously proven. 
the renormalized continuity equation
holds.
• The balance of momentum holds in the sense of distributions; i.e., for
• η ε ≥ 0 is a weak solution of (3); i.e.,
• The energy inequality below holds:
By the existence results in [3] and [10] , it is clear that such { ε , u ε , η ε } exist for each ε > 0. We now introduce the notion of weak solutions of the target system (5.32)-(5.36) called the Oberbeck-Boussinesq approximation. if the following conditions hold:
[Incompressibility condition]:
div xū = 0 weakly on (0, T ) × Ω,
• and the integral identity
holds for any test function
• The quantities r and s are interrelated via the so-called [Boussinesq relation]:
6. Main results. We now introduce a geometric condition on Ω which plays a crucial role in the study of propagation of the acoustic waves. Let us consider the following problem:
where φ is constant on ∂Ω. We call a solution of the problem (6.44) trivial if λ = 0 and φ is constant. We also define that Ω verifies assumption (H) if all solutions of the problem (6.44) are trivial. Notice that Schiffer's conjecture shows that every Ω satisfies (H) except the ball, and Feireisl, Novotný, Petzeltová [17] gives an example of a domain Ω which is trivial. In two-dimensional space, it is proven that every bounded, simply connected open domain Ω ⊂ R 2 whose boundary is Lipschitz but not real analytic satisfies (H).
Result on bounded domains.
We first mention a result of incompressible limit problems on bounded domains with Dirichlet boundary conditions. Theorem 6.1 (Low stratification limit). Let Ω ⊂ R 3 be a bounded domain with a boundary of class C 2+ν , ν > 0 and verify the suitable assumption (H) in the problem (6.44). Also let (Ω, Φ) satisfy the confinement hypothesis (HC) and assume Ma = ε, Fr = √ ε and { ε , u ε , η ε } ε>0 is a family of free energy solutions to the scaled NavierStokes-Smoluchowski system in the sense of Definition 5.1 with the boundary conditions (5.31).
Assume the initial condition as follows:
0 , (6.47) as ε tends to 0, where we have used weak− * convergence in L ∞ (Ω). Then, up to a subsequence,
where {ū, (1) , η (1) } solves the target system in the sense of Definition 5.2 with the boundary condition u| ∂Ω = 0 and the initial data
where the Helmholtz projection H is defined by
Result on unbounded domains. We next study incompressible limit problems for the fluid-particle interaction model on unbounded domains. Consider an unbounded domain Ω ⊂ R 3 with a compact regular boundary ∂Ω and a family of bounded domains {Ω } >0 satisfying:
for any x ∈ Ω. We consider a variational solution to the system in the sense of Definition 5.1 on Ω . Then the main result is the following:
Theorem 6.2 (Low stratification limit for unbounded domains). Let Ω ⊂ R 3 be an unbounded domain with a compact boundary ∂Ω of class C 2+ν , ν > 0 and a family of bounded domains {Ω } >0 satisfies (6.52). Also let (Ω, Φ) satisfy the confinement hypothesis (HC) and assume Ma = ε, Fr = √ ε and { ε , u ε , η ε }, is a family of free energy solutions on (0, T ) × Ω to the Navier-Stokes-Smoluchowski system in the sense of Definition 5.1 on Ω with the same initial conditions given in Theorem 6.1 and the boundary conditions (5.31), on Ω . Let us assume that all of the hypotheses in Theorem 6.1 hold. Then we have the same convergence of { ε , u ε , η ε } on any compact K ⊂ Ω as given in Theorem 6.1 such that the limitū of {u ε } solves the target system in the sense of Definition 5.2 and the initial data (6.50).
7. Rigorous derivation of the low stratification limit of the system. 7.1. Ω bounded domain in R 3 .
7.1.1. Free energy inequality and uniform bounds. The first step in rigorously deriving the convergence stated in Theorem 6.1 is to obtain bounds uniform in ε which will yield the weak limits. To do this, analogs of the Helmholtz free-energy function defined below are utilized:
Basic calculations show that E F and E P have global minima at and η respectively, and are both convex, facts that will be used later in the proof. Thus after some analysis, the energy inequality given by (5.40) can be rewritten as
By the hypotheses on the initial data, the right side of this equation is bounded by a constant (cf. Chapter 5.1 in [16] ). Thus, the following uniform in ε bounds are obtained:
Next, the following sets are defined: Using the coercivity of E F , E P and the boundedness of (7.53), it can be shown that the measures of the residual sets M Remark. The interested reader will notice that while the work in this section follows the outline of the work of Feireisl and Novotný, no time lifting is performed in the current paper. This is due to the fact that the Navier-Stokes-Fourier system investigated in [16] contains an entropy production term that behaves as a measure instead of an integral over the time domain. This complication does not arise in the Navier-Stokes-Smoluchowski system investigated here.
7.4. Ω unbounded domain in R 3 . In this section we will follow the framework of Feireisl [15] based on a Kato's result [23] , Theorem 7.1. The proof of Theorem 6.2 is obtained using Lemmas 2.1, 2.2, Theorem 7.1 and following a similar line of argument as in [25] .
